Mixed-mode dynamic crack growth along an arbitrarily smoothly varying path in functionally graded materials (FGMs) under thermo-mechanical loading is studied. The property gradation in FGMs is considered by varying shear-modulus, mass density, thermal conductivity and coefficient of thermal expansion exponentially along the gradation direction. Asymptotic analysis in conjunction with displacement potentials is used to develop the stress fields around propagating cracks in FGMs. Asymptotic temperature fields are developed first for the exponential variation of thermal conductivity and later these temperature fields are used to derive thermo-mechanical stress fields for a curving crack in FGMs. Using these thermo-mechanical stress fields, various components of the stresses are developed and the effect of curvature parameters, temperature and gradation on these stresses are discussed. Finally, using the minimum strain energy density criterion, the effect of curvature parameters, crack-tip speeds, nonhomogeneity values and temperature gradients on crack growth directions are determined and discussed.
Introduction
Functionally graded materials (FGMs) are essentially nonhomogeneous composites which have characteristics of spatially varying microstructure and mechanical/thermal properties to meet a predetermined functional performance (e.g., Niino et al., 1987; Suresh and Mortensen, 1998) . Although their performance in real-life engineering applications is still under investigation, FGMs have shown promising results when they are subjected to thermomechanical loading (e.g., Suresh and Mortensen, 1998) . There is an extensive amount of literature published on the fracture mechanics of FGMs under both quasi-static loading conditions (e.g., Delale and Erdogan, 1983; Schovanec and Walton, 1988; Konda and Erdogan, 1994; Gu and Asaro, 1997; Wu and Erdogan, 1997; Jin et al., 2002; Kim and Paulino, 2002; Parameswaran and Shukla, 2002; Chalivendra et al., 2003; Kubair et al., 2005; Chalivendra, 2008 Chalivendra, , 2009 Zhang and Kim, 2011) and dynamic loading conditions (e.g., Atkinson and List, 1978; Krishnaswamy et al., 1992; Parameswaran and Shukla, 1999; Rousseau and Tippur, 2001; Chalivendra et al., 2002; Shukla and Jain, 2004; Chalivendra and Shukla, 2005; Abanto-Bueno and Lambros, 2006; Kirugulige and Tippur, 2008) .
The research output on the thermo-mechanical response of FGM's is limited. Hasselman and Youngblood (1978) were among the first to study thermal stresses in nonhomogeneous structures associated with thermo-mechanical loading. By introducing a thermal conductivity gradient, they demonstrated significant reductions in the magnitude of the tensile thermal stress in ceramic cylinders. In other studies, thermal residual stresses were relaxed in metal-ceramic layered materials by inserting a functionally graded interface layer between the metal and ceramic (e.g., Kawasaki and Wantanabe, 1987; Drake et al., 1993; Giannakopoulos et al., 1995) . In their studies, Kuroda et al. (1993) and Takahashi et al. (1993) reported that when subjected to thermal shocks, FGM coatings suffer significantly less damage than conventional ceramic coatings.
In continuation of the above studies, several studies on the quasi-static fracture of FGMs under thermo-mechanical loading have been reported. Assuming exponential variation of material properties, Jin and Noda (1994) investigated the steady thermal stress intensity factors in functionally graded semi-infinite space with an edge crack subjected to thermal load. Later, Erdogan and Wu (1996) also determined the steady thermal stress intensity factor of a FGM layer with a surface crack perpendicular to the boundaries. By further assuming the exponential variation of thermal and mechanical properties of the materials, Jin and Batra (1996) investigated the stress intensity relaxation problem at the tip of an edge crack in a FGM subjected to a thermal shock. By employing a finite element method (FEM), Noda (1997) analyzed an edge crack problem in a zirconia/titanium FGM plate subjected to cyclic thermal loads. Jin and Paulino (2001) studied transient thermal stresses in a FGM with an edge crack having a constant Poisson's ratio and Young's Modulus but varying thermal properties along the thickness direction. Walters et al. (2004) developed general domain integral methods to obtain the stress intensity factors for the surface cracks in FGMs under mode-I thermo-mechanical loading conditions.
The above studies provide closed form solutions for stress intensity factors under thermo-mechanical loading, however for extracting fracture parameters from experimental studies, the asymptotic expansion of thermo-mechanical stress fields around the crack-tip are essential (e.g., Kirugulige and Tippur, 2008) . Recently in this direction, Jain et al. (2006) developed quasi-static stress and displacement fields for a crack in an infinite FGM medium under thermo-mechanical loading. However, there were no studies until recently on the dynamic crack growth under thermo-mechanical loads. Lee et al. (2008) developed analytical expressions for the dynamic crack-tip stress and displacement fields under thermo-mechanical loading in FGMs. Kidane et al. (2010a) developed the stress fields and strain energy associated with a propagating crack in a homogeneous material under thermo-mechanical loading using an asymptotic approach. Very recently, Kidane et al. (2010b) also developed stress field equations for dynamic crack propagation in FGMs under thermo-mechanical loading. Even though the above mentioned studies of dynamic thermo-mechanical asymptotic field equations serve the purpose of obtaining fracture parameters from experimental data, these studies have not incorporated the crack path curvature associated with a propagating crack in these materials. It has been reported in the experimental and numerical studies that the propagating cracks follow curved paths under various loading conditions due to the spatial variation of properties in graded materials (e.g., Lambros et al., 2000; Noda et al., 2003; Tohgo et al., 2005; Tilbrook et al., 2005) . In order to extract the fracture parameters accurately from the experimental data associated with curved cracks, it is essential to consider curvature terms in the field equations. Liu and Rosakis (1994) developed the higher-order asymptotic expansion of a non-uniformly propagating dynamic crack along an arbitrary curved path for homogeneous materials and they emphasized the importance of the curvature terms when experimental data points are considered away from the singularity zone to extract fracture parameters. Recently, Chalivendra (2007) developed crack-tip out of plane displacement field equations for transient curved cracks in FGMs. To the authors' knowledge, there are no studies reported in the literature on the development of crack-tip stress field equations for curving cracks in functionally graded materials under thermo-mechanical loading.
Hence in this paper, through asymptotic analysis, stress fields for a curving crack propagating at an arbitrary velocity in FGMs under steady state thermo-mechanical loading are developed. The property gradation is considered by varying the shear-modulus, mass density, thermal conductivity and coefficient of thermal expansion exponentially along the gradation direction. Asymptotic temperature field equations are first developed for a steady state temperature condition considering the heat flux singularity. These temperature fields are later used to develop the thermo-mechanical stress fields for curved crack analysis. Using these thermomechanical stress fields, the effect of curvature terms, temperature and material gradation on various stress components is discussed. The crack growth direction as a function of temperature, nonhomogeneity parameters and crack-tip velocity are also evaluated using minimum strain energy density criterion. In addition, using the developed equations, the contours of maximum shear stress are plotted to show the effect of curvature terms and gradation around the crack-tip.
Theoretical formulation
FGMs can be treated as isotropic non-homogeneous solids because, at a continuum level, the properties at any given point in an FGM can be assumed to be the same in all directions. Spatial variation of elastic properties, mass density, thermal properties and inclination of a curved crack with respect to the gradation direction make analytical solutions to the elastic-dynamic equations extremely difficult. Hence, an asymptotic analysis similar to that employed by Freund (1990) is used to expand the stress field around a propagating curving crack under thermo-mechanical loading conditions. An isotropic linear elastic FGM containing a propagating curving crack with temperature gradient in the x-y plane is shown in Fig. 1 . At time t = 0, the crack-tip is at the origin of Cartesian Fig. 1 . Propagating curved crack orientation with respect to property gradation direction and temperature gradient.
coordinate system x-y. For any time t > 0, the position of the propagating crack-tip is given by (X(t) and Y(t)) as shown in Fig. 1 . Shear modulus (l), Lamé's constant (k), density (q), thermal expansion (a) and heat conductivity (k) of the FGM are assumed to vary in an exponential manner as given by Eqs. (1a)-(1e), whereas, Poisson's ratio (m) is assumed to be a constant. Experimental studies (e.g., Shukla and Jain, 2004; Yao et al., 2007) 
The relationship between stresses and strains for a plane strain thermo-mechanical problem can be written as
where x and y are reference coordinates, r ij and e ij (where i = x, y and j = x, y) are in-plane stress and strain components, and subscript ''o'' means at x = 0 as shown in Fig. 1 . T represents the change in temperature in the infinite medium, f, c 1 and c 2 are non-homogeneity constants that have the dimension (length)
À1
. Each physical variable can have a different non-homogeneity parameter. However for mathematical simplicity only three non-homogeneity parameters, one for mechanical properties and two for thermal properties, are considered. For a plane strain deformation, the displacements u and v are derived from dilatational and shear wave potentials U and W. So, displacements can be expressed in terms of potentials as given below
Substituting for the stresses and density from (3) and (1) respectively into Eq. (2) and after simplification, the equations of motion are written as
where a c is the coefficient of thermal expansion in the vicinity of the instantaneous crack-tip and is assumed to be constant.
Eqs. (5a) and (5b) can be further written as
where
Now, a new moving coordinate system (n 1 , n 2 ) is introduced, so that the origin of the new system is at the moving crack-tip. The n 1 -axis is tangential to the crack trajectory at the crack-tip and coincides with the direction of the crack growth. The crack is propagating with constant velocity (c) as a function of time along the local n 1 -direction. The angle between n 1 -axis and the fixed x-axis are denoted by b(t), as shown in Fig. 1 . Therefore the relationship between the coordinates in these two Cartesian co-ordinate systems is n 1 ¼ fx À XðtÞg cos bðtÞ þ fy À YðtÞg sin bðtÞ n 2 ¼ Àfx À XðtÞg sin bðtÞ þ fy À YðtÞg cos bðtÞ ð7Þ
If the length of the trajectory that the crack-tip travels during the time interval, [0, t] , is denoted by s(t), then the magnitude of the crack-tip speed c(t) will be _ sðtÞ, and the curvature of the crack trajectory at the crack-tip, k(t), is given by
In the above formulation, we assume that the stress waves generated by the moving crack-tip are not influenced by the gradation. This assumption is acceptable as the property variation around the crack-tip is small in the zone of the interest.
Temperature fields around the crack-tip
In this analysis, it is assumed that the temperature field around the crack-tip also changes asymptotically. The transient effects, the thermo-elastic cooling effects, and the coupling effects ð3k þ 2lÞaT 0 _ e ii Þ are neglected. It has been shown that for most materials under static loading conditions, this coupling term is small and can be neglected (Sadd, 2009) . Several researchers studied the effect of coupling under dynamic loading conditions and found that the quantitative effect of coupling is less important for metals (Awrejcewicz and Krys'ko, 2003) . Few other authors observed that the difference between the couple and uncoupled solutions are about one percent (McQuillen and Brull, 1970; Shiari et al., 2003; Eslami et al., 1994) . Brischetto and Carrera (2010) observed that when a mechanical load is applied, the differences between the coupled and uncoupled analysis are minimum, in terms of stresses. Nowinski (1978) in his book states ''Practically speaking, it is generally possible to discount the coupling and to evaluate the temperature and deformation fields, in this order, separately''. So, we establish the uncoupled conduction system and the temperature fields can be determined independent of the stress-field calculations. The developed field equations can be used for situations with small temperature gradient thermal loading conditions. The heat conductivity is assumed to vary exponentially as given by Eq. (1e). The steady state heat conduction equation can be written as
Substituting the heat conductivity relation given by Eq. (1e) into Eq.
Transforming the above equation into the moving crack-tip coordinates, it can be written as r 2 T þ c 2 cos bðtÞ
At this stage, the asymptotic analysis is performed to solve the above Eq. (15). The advantages of this approach are: (i) it does not consider finite specimen geometry, and (ii) it does not need the information of external loading boundary conditions. It requires only crack-face and crack-line boundary conditions associated with the propagating crack to be satisfied. In this process, first a new set of scaled coordinates is defined as
where e is an arbitrary parameter and is assumed to be 0 < e < 1.
In the scaled coordinates, Eq. (15) can be written as
For the asymptotic analysis, T is now represented as a power series expansion in e. , . . . ) should vanish independently. This leads to the following set of partial differential equations.
For m = 0 and m = 1
þ c 2 cos bðtÞ
Eq. (20) Chalivendra, 2007 ). An asymmetric temperature field solution is developed to account for real-time thermal loading situations and the heat flux is assumed to be singular at the crack-tip (Jin and Noda, 1994) . The singularity of heat flux will not affect even if the transient effects are incorporated as the transient terms are of higher order.
For m = 1
The solution T 2, for Eq. (21) corresponding to higher powers of e(m = 2) has two parts: a homogeneous and a particular solution.
The particular solution can be obtained using a recursive approach (e.g., Parameswaran and Shukla, 1999; Chalivendra et al., 2002; Chalivendra and Shukla, 2005) and the complete solution for Eq. (21) is given below.
Transforming back to thr crack-tip coordinates n 1 and n 2 , the full solution of the temperature field near the crack-tip is given as
Alternate temperature fields can be easily derived for the conditions such as constant flux or symmetric temperature fields at the cracktip.
Asymptotic expansion of crack-tip stress fields
Similar to the derivation of the temperature field, the asymptotic approach is again used in deriving the solutions for the displacement potentials for the equations of motion (12a) and (12b). The scaled coordinates, as discussed in Eq. (16), are now applied to equations (12a) and (12b) as given below At this stage, it is assumed that U, w and T can be represented as a power series expansion in e.
As discussed above, the temperature field is obtained by ensuring that the heat flux or the derivative of the temperature field near the crack-tip is singular. This means that the potentials for temperature are one power less than the displacement potentials. Substituting Eq. (27) into Eqs. (26a) and (26b) gives the following equations.
For Eqs. (28a) and (28b) , . . .) should vanish independently. This leads to the following set of partial differential equations.
For m = 0 and m = 1,
Eqs. (29a) and (29b) are similar to those for a homogeneous material where the partial differential Eqs. (30a) and (30b), associated with the higher powers of e are coupled to the differentials of the lower order functions through the non-homogeneity parameters f and temperature term. Eqs. (29a) and (29b) (i.e. for m = 0 and m = 1) can be easily reduced to Laplace's equation in the respective
and the solutions are the same as those for homogenous material (e.g., Freund, 1990; Gu and Asaro, 1997; Irwin, 1980; Shukla and Jain, 2004) , and can be written as
þ ef cos bðtÞ
and A m ; C m B m and D m are real constants:
Using the definition of the dynamic stress intensity factor K ID and K IID for the opening mode and shear mode (Chalivendra, 2007) , the relation between A o and K ID , C o and K IID are obtained.
where l c is thr crack-tip shear modulus, K ID and K IID are the mode-I and mode-II dynamic stress intensity factors, respectively. Now, considering the crack face boundary conditions, r 22 = 0 and r 12 = 0 we can also obtain the following relationship between
In order to extract both mode-I and mode-II stress intensity factors accurately from the experimental data when the crack-tip stress field is non-homogenous around the crack-tip due to imposed thermal fields and material non-homogeneity, higher-order stress-field equations are essential in addition to the leading terms and T-stress (non-singular stress). The solution for the Eqs. (30a) and (30b), corresponding to higher powers of e(m = 2), consists of two parts: a solution for the homogeneous equation and a particular solution due to non-homogeneity and temperature and these can be obtained recursively (e.g., Parameswaran and Shukla, 1999; Chalivendra et al., 2002; Chalivendra and Shukla, 2005) . The solutions / 2 and w 2 obtained are given below. The solutions for / 0 , w 0 , / 1 and w 1 automatically satisfy the compatibility equations because these solutions are the same as those for homogeneous materials. Since the non-homogeneous specific parts of / 2 and w 2 are obtained from / 0 and w 0 , they also automatically satisfy the compatibility equations
By assembling together the above result for the first few terms and by transforming it back into the n 1 À n 2 plane, the combined solution can be written for / and w as Eqs. (37a) and (37b),
The above definitions of the displacement potentials are now used in Eq. (4) to obtain the displacements fields. These displacement fields are then used to develop strain fields. These strain fields and Eq. (25) where r ij are stress components, T represents the change in temperature in the infinite medium, f, c 1 and c 2 are non-homogeneity constants that have the dimension (length)
À1
, c is the crack-tip speed, k is the curvature of the crack trajectory at crack-tip, b is the angle between n 1 -axis and the fixed x-axis as shown in Fig. 1, _ b is the angular velocity as referred in Eq. (8).
Results and discussion
The thermo-mechanical stress fields developed above are used to study the effect of temperature field, curvature of the crack path, crack-tip velocity, and the non-homogeneity on the variation of the maximum shear stress, the circumferential stress, maximum principal stress and the crack kinking angle at the crack-tip. The coefficient of thermal expansion (a c ) of ZrB 2 (which is of interest in our experimental research), 5.9 Â 10 À6 /°C is used in the analysis. It is assumed that the resulting temperature range generates elastic deformation around the crack-tip. Some of the terms associated with non-homogeneity and the stress field connected with temperature change impose normal and shear stresses on traction free crack faces. The presence of these normal and shear stresses on the crack face violates one of the boundary conditions and these stresses need to be removed. The removal of these stresses from the crack face is accomplished by superimposing an equal and opposite stress field on the crack face. In particular each point on the crack face is subjected to a line load of specific magnitude such that the normal stresses from the crack face are removed. Jiang et al. (1991) proposed a solution for a single line load to derive the stress field around the crack-tip and the solution is extended for multiple line loads applied on the crack face line. The revised in-plane stress-fields which have traction-free crack face conditions were then used in developing various results discussed in Section 3.1. In the present analysis, since the stress fields are determined closer to the crack tip, the higher order temperature terms are neglected. The higher order temperature terms can be used when determining stress fields far away from the crack-tip in analyzing the experimental data. When the temperature coefficients and the non-homogeneity factors are set to zero, these equations fall down to the equations derived by Liu and Rosakis. The present analysis assumed constant velocity at the crack-tip. Even though the crack-tip acceleration is an important condition to consider, the stress fields may not significantly affected by the acceleration terms as the acceleration terms will only appear in the higher order terms.
The material properties and fracture parameters of ZrB 2 are used in generating the plots and the properties can be found from Fahrenhlotz et al. (2007) . The properties are as follows: Poisson's ratio (m) = 0.16, shear modulus at the crack-tip (l c )= 210 GPa, density at the crack-tip (q c )= 6119 kg/m 3 , crack-tip velocity
; c 2 ¼ 1 and a typical value of radius, r = 0.002 m. The choice of stress intensity factor is motivated by the fact that ceramics have low fracture toughness and they often form a part of FGM's. At this point, it is also important to mention that the relative dominance of the temperature or mechanical field will depend on the choice of K and q o values.
Variation of stress components near the crack-tip
3.1.1. Effect of curvature of the crack path Three major stress components were considered to show the variation of stress fields under steady state thermo-mechanical loading: maximum shear stress, circumferential tensile stress and maximum principal stress. These stresses are normalized using K eff = ffiffiffiffiffiffiffiffi ffi 2pr p and plotted as a function of h (angle) around the crack-tip. The variation of normalized maximum shear stress as a function of curvature for both homogenous and FGM systems (f = 1 and f = À1 ) with and without the temperature field is shown in Fig. 2 . The value of f = 1 denotes the increasing shear and mass density ahead of the crack tip and f = À1 denotes the reverse situation. The nature of the variation of the normalized shear stress changes significantly with the incorporation of curvature parameters but no significant variation was observed for different non-homogeneity values. For all the cases [(a)-(f)], when the curvature is introduced, the peak value of the maximum shear stress and the angle at which the maximum shear stress occurs changes significantly.
Angular variation of the normalized maximum principal stress and circumferential tensile stress as a function of curvature with and without the temperature field is plotted in Figs. 3 and 4 respectively. The peak value of the principal and circumferential tensile stresses increase significantly when the curvature is introduced for both homogeneous and FGM systems and the increase in peak value of these stresses is approximately 50% higher for the case of a curved crack. Also the angle at which the peak values of these stresses occur changes slightly with the addition of the curvature parameters. As observed in the Figs. 2 and 3, the nature of variation of these normalized stresses changes significantly with the addition of curvature terms.
The angular variation of all three of the above normalized stress components for a fixed value of the non-homogeneity parameter, f = À1, as a function of curvature with temperature field are shown in Fig. 5 . As the local curvature of the crack path (k) increases, the peak values of these stresses increase while the angle at which the peak value of these stresses occur changes slightly for all the cases. Fig. 6 shows the effect of the curvature on the contours of the maximum shear stress around the crack-tip with no temperature field for a mixed-mode loading in an FGM of f = À1 for four different curvature conditions. In Fig. 6(a) , when curvature parameters are set to zero, standard asymmetric contours of mixed-mode loading as reported in literature, are obtained. The effect of curvature under mixed-mode loading is brought into effect in Fig. 6(b) by considering k = 20, b = 20°, and the figure shows that the number and size of the shear stress contours increases with the addition of curvature terms. If the angle between n 1 -axis and the fixed x-axis is kept constant (b = 20°) and the curvature is changed by three times as shown in Fig 6(c) , the shear stress increases significantly and the stress contours tilt away from the crack direction. However, if we keep the curvature value constant at k = 20 and change the angle b to 60°, the shear stress contours tilt towards the crack direction, but there is no significant change in the size of shear stress contours. Hence, for cases discussed in the following sections, a typical value of b = 20°is used in further analysis.
Effect of temperature
Variation of the normalized maximum principal stress, circumferential stress and the maximum shear stress, is plotted around the crack-tip for different temperature gradients (q 0 = 0,q 0 = 100 and q 0 = 200) as shown in Fig. 7 . As the temperature gradient increases, the peak value of both the normalized maximum principal stress and circumferential tensile stress decreases and the angles at which the peak value of these stresses occur change slightly for different temperature gradients. In the case of the maximum shear stress, there is no change in the stress values for different temperature gradients. This is due to the fact that the temperature field gets cancelled when r yy was subtracted from r xx as shown in below Eq. (39) and there are no temperature terms in s xy (Refer Eq.
(3c)). 
Effect of non homogeneity
The effect of property gradation for a curved crack on the contours of maximum shear stress around a propagating crack-tip for k = 20 and b = 20°with no temperature field is shown in Fig. 8 . Fig. 8(a) shows the case of a homogeneous material, and Fig. 8(b) and (c) are plotted for f = 1 and f = À1 respectively. For f = 1, the size of the contours increases above the crack-line and decreases below the crack-line. Moreover, these contours tilt towards the crack direction which is the increasing property gradation direction as shown in Fig 8(b) . However, for f = À1, the reverse happens with a decreased size above the crack-line and an increased size below the crack-line and the contours tilt away from the crack direction, which is again in the increasing property gradation direction. A similar plot to that of Fig. 8 is made by considering the thermal property gradation on the maximum principal stress with temperature gradient, q 0 = 100, there is no noticeable difference on the contours of maximum principal stress for different nonhomogeneity values (c 2 ). This is due to the dominance of first term (q 0 ) in the temperature field equation.
Crack extension angle
A dynamically moving crack tends to deviate from its path due to crack-tip instability conditions. The crack-tip instability becomes predominant when the cracks tend to propagate in nonhomogeneous materials under thermo-mechanical loading. In the present study, using the derived thermo-mechanical stress field equations, the effects of curvature parameters, temperature, crack-tip velocity and material non-homogeneity on the crack-tip instability are presented. The theoretical prediction of the crack extension angle is investigated by using the well-known fracture criterion: minimum strain energy density (S-criterion). The strain energy density criterion was chosen because it provides a complete description of material damage by including both the distortional and dilatational effects (Gdoutos, 1990) . Both distortional and dilatational vary in proportion, depending on the load history and location due to non-uniformity in stress or energy fields.
Minimum strain-energy density (MSED) criterion
According to this criterion (Sih, 1974) , the crack initiates when the strain energy density achieves a critical value and propagates in the direction of the minimum strain-energy density value. The strain energy density dW/dV near the crack-tip for an FGM is given as
Fracture takes place in the direction of minimum S, and the condition can be obtained by using Eq. (40) where S c is the critical strain energy density.
Variation of strain energy density around the crack-tip for a thermo-mechanical loading in an FGM for different temperature gradients, curvatures and non-homogeneity is shown in Fig. 9 . The angle at which the strain energy density reaches a minimum value changes with temperature, curvature and the non-homogeneity parameters as shown in Fig. 9 .
Effect of crack-tip velocity
The crack extension angles as a function of crack-tip velocity for a typical curvature k = 20 and b = 20°, temperature gradient, q 0 = 100 under thermo-mechanical loading as predicted by the MSED criterion is shown in Fig. 10 . For pure mode-I loading (K IID / K ID = 0), at a crack-tip velocity of c/c s = 0.4, the MSED criterion predicts a crack extension angle of about À15°. For all other crack-tip velocities shown in the figure, as the value of K IID /K ID and K ID /K IID increases from 0 to 1 the crack extension angle increases monotonically. Also as the crack-tip velocity increases, the crack kinks at a larger angle.
Effect of non homogeneity
The effect of the non-homogeneity parameter (f = 1 and f = À1) on the crack extension angle for a crack-tip velocity of 0.5 c s under thermo-mechanical loading (q 0 = 100) is shown in Fig. 11 . Under pure mode-I loading, MSED criterion predicts crack extension angle of h = À19°for a FGM with f = 1; h = À25°for a homogenous material (i.e. f = 0) and h = À32°for a FGM with f = À1. However under pure mode-II loading, MSED criterion predicted constant angle of h = À49°for both the homogeneous and FGMs with f = 1 and an angle of h = À51°for FGM with f = À1.
Effect of temperature
The effect of the temperature on the crack extension angle for a mixed-mode thermo-mechanical loading is shown in Fig. 12 for different non-homogeneity values. Typical values of k = 20, b = 20°, c 2 = 1 are assumed for constructing Fig. 12 . For a homogeneous material and FGMs with (f = 1 and f = À1), the crack extension angle decreases slowly with an increase in the temperature gradient. FGM with f = À1 kinks at a larger angle compared to a homogeneous material and a FGM with increasing property gradation. This could be attributed to the presence of a compliant material ahead of the crack-tip in which the strain energy density reaches a minimum value at a higher angle.
The effects of temperature on the crack extension angle as a function of crack-tip velocity in a homogeneous material, a FGM with f = 1 and a FGM with f = À1 are plotted in Fig. 13 using MSED criterion. For all the three cases, the crack extension angle increases as the crack-tip velocity increases for various temperature gradients.
Effect of curvature
The effect of curvature on the crack extension angle for a cracktip velocity of 0.5 c s for a mixed-mode thermo-mechanical loading is shown in Fig. 14 for different non homogeneity values using MSED criterion. A typical value of q 0 = 100 is assumed for plotting re chosen at the crack-tip. For a homogeneous material, the crack extension angle increases as the value of (k) increases. A similar trend is observed for a FGM with f = 1 and f = À1. Also at each value of the curvature at the crack-tip, the crack extension angle increases as the value of non-homogeneity decreases. Again, larger crack extension angles are noticed for the case of FGM with f = À1.
The effects of curvature on the crack extension angle as a function of crack-tip velocity in a homogeneous material, a FGM with f = 1 and a FGM with f = À1 is plotted in Fig. 15 using MSED criterion. For a homogeneous material, at each value of curvature at crack-tip, the crack extension angle increases as the crack-tip velocity increases. Similar behavior is observed for the case of FGMs with f = 1 and f = À1.
Effect of T-stress on curvature and temperature
In the previous studies, it was reported in the literature that T-stress (r ox term) plays a vital role in crack kinking or crack branching for a homogeneous material (e.g., Cotterell and Rice, 1980; Shukla et al., 1990; Fang and Roy, 2007) . In this paper, the effect of T-stress is studied in FGMs under thermo-mechanical loading. In the above Eq. (42), T is the non-singular stress term. The effect of T-stress (r ox term) on the crack extension angle for different curvature values and temperature gradients around a propagating crack under mixed-mode loading in an FGM is shown in Fig. 16 for different non homogeneity values using MSED criterion. A Typical value of r ox = (À3/4⁄K ID )m À1/2 was used for plotting. Fig. 16(a) shows the effect of T-stress on the crack extension angle as a function of curvature for a fixed temperature gradient (q 0 = 100) and fixed b = 20°. The crack extension angle increases as the value of (k) increases for a homogeneous material and FGMs with f = 1 and f = À1. For a FGM with f = À1, the crack kinks at a larger angle. This could be again attributed to the presence of a compliant material ahead of the crack-tip in which the strain energy density reaches a minimum value at a higher angle. Fig. 16(b) shows the effect of T-stress on the crack extension angle as a function of temperature gradient for a fixed value of curvature (k = 20, b = 20°). For all the different non-homogeneity values, the crack extension angle decreases as the temperature gradient increases. The decrease in crack extension angle is more significant for less temperature gradient. Again, larger crack extension angles are observed for a FGM with f = À1.
When the above results were compared with Figs. 12 and 14
(where r ox = 0), it is observed that the crack extension angle decreases when the T-stress (r ox term) is applied. It can be concluded from above analysis (Figs. 2-16 ) that, the non-homogeneity parameters, curvature and temperature fields have significant effect on the contours of maximum shear stress, various stress components discussed and the crack extension angle. So, for curving cracks, non-homogeneity parameters, temperature field and curvature terms cannot be ignored in extracting fracture parameters from experimental data.
There are various experimental techniques such as photoelasticity, coherent gradient sensing (CGS), digital image correlation (DIC), interferometry etc. to obtain the full field experimental data around the crack-tip. Digital image correlation technique can be used to obtain the in plane and out of plane displacements around the crack-tip (Abanto-Bueno and Lambros, 2006; Rousseau et al., 2010) . Coherent gradient sensing technique can be used obtain the out of plane displacement gradients (using the reflection mode) or in plane stress gradients (using transmission mode) for opaque and transparent solids respectively (Rousseau et al., 2010; Tippur et al., 1991) . The photoelasticity technique can be used for transparent materials. The high speed digital imaging along with dynamic photoelasticiy can be employed to obtain real time, full field data around the crack-tip (Rousseau et al., 2010; Jain and Shukla, 2007) . Combined experimental techniques of DIC and infrared photography have been recently used to study the displacement under dynamic thermo-mechanical loading (Silva and Ravichandran, 2011) . The above mentioned techniques can be used to extract fracture parameters and thermal coefficients used in the stress field equations developed in this analysis (Rousseau et al., 2010; Krishnamoorthy and Tippur, 1998) .
Conclusions
The stress-fields near the crack-tip for steady state mixed-mode thermo-mechanical loading in a graded material for a smoothly curving crack are developed using displacement potentials in conjunction with an asymptotic approach. First, asymptotic temperature fields near the crack-tip are developed and then by incorporating this developed temperature field into the mechanical field, the thermo-mechanical stress fields near the crack-tip are generated. Using these developed stress field equations, the effect of the non-homogeneity parameters, curvature, and temperature is studied on various stress components, on the contours of the maximum shear stress and the crack extension angle using minimum strain energy density criterion. The results are compared with the previous findings of static and dynamic crack propagation in homogeneous and FGM systems under thermo-mechanical loadings (Kidane et al., 2010a; Kidane et al., 2010b) . When curvature terms are set to zero, the solutions match with the previous findings. This analytical study resulted in the following key findings:
The thermo-mechanical stress fields around the crack-tip are significantly affected by the curvature, temperature and nonhomogeneity parameters. As the curvature at the crack-tip increases, the peak value of the stress components also increases. For a given curvature conditions, as the temperature gradient increases, the peak value of the stress components decreases. The mechanical properties gradation affects the contours of the maximum shear stress considerably while the thermal properties gradations show no significant effect on the stresses. Crack-tip velocity plays a significant role in the crack extension angle. For a mixed-mode curving crack under thermo-mechanical loading, the crack extension angle increases with the increase in crack-tip velocity. Similar behavior was reported earlier for the case of homogeneous and FGMs without the curvature parameters (Kidane et al., 2010a and Kidane et al., 2010b) . Similar to previous findings (Kidane et al., 2010a and Kidane et al., 2010b) , the increase in the temperature gradient decreases the crack extension angle for different non-homogeneity values. The increase in the value of curvature (k) increases the crack extension angle for different non-homogeneity values. For a homogeneous material and FGMs with f = 1 and f = À1, the crack extension angle increases as the crack-tip velocity increases for different values of temperature coefficient (q 0 ) and curvature (k). For an applied T-stress, the increase in the value of curvature (k) increases the crack extension angle while the increase in the temperature gradient decreases the crack extension angle for different non-homogeneity values. There is a significant effect on the crack extension angle when the T-stress is applied. The crack extension angle decreases when the T-stress (r ox term) is applied when compared to the case of without the T-stress (where r ox = 0). 
